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PROJECTIVE TWISTS IN A∞-CATEGORIES
RICHARD M. HARRIS
Abstract. Given a Lagrangian V ∼= CPn in a symplectic manifold (M,ω), there is an
associated symplectomorphism φV of M . We define the notion of a CP
n-object in an A∞-
category A and use this to construct algebraically an A∞-functor ΦV and prove that it
induces an autoequivalence of the derived category DA. We conjecture that ΦV corresponds
to the action of φV and prove this in the lowest dimension n = 1. The construction is
designed to be mirror to a construction of Huybrechts and Thomas.
1. Introduction
Although this paper is a piece of pure algebra, it is motivated by a particular construction in
symplectic topology. Of central importance in modern symplectic topology is the idea that we
should associate to a symplectic manifold (M,ω) an A∞-category called its Fukaya category
F(M,ω). Very briefly, F(M,ω) should have as objects Lagrangian submanifolds Li (with some
extra data), the hom-spaces homF(M,ω)(L0, L1) should be Floer cochain groups, generated by
the intersections of L0 and L1, and the A∞-maps should count holomorphic polygons with
certain Lagrangian boundary conditions. In full generality, this construction cannot always be
completely carried though [6], but can be made fully rigorous in certain cases, see for example
[11].
One of the fundamental principles behind this construction is that automorphisms of (M,ω)
should induce auto-equivalences of F(M,ω); more specifically there should be a canonical map
(1.1) Autc(M,ω)/Ham(M,ω)→ Auteq(DF(M,ω))/〈[1]〉,
where on the left Autc is some subgroup of the full automorphism group that preserves the
extra structure needed to define the Fukaya category (such as the homotopy class of the triv-
ialization of the bicanonical bundle K⊗2M ) and we quotient out by the group of Hamiltonian
symplectomorphisms, and on the right we quotient out by the shift autoequivalence. Here
DF(M,ω) is the so-called derived Fukaya category, a triangulated category which is obtained
from F(M,ω) by a purely algebraic process. This construction as well as the other relevant
algebraic background material will be covered in Section 2.
The best demonstration to date of this principle comes from Dehn twists: given a Lagrangian
sphere V ⊂ M with a choice of diffeomorphism f : V → Sn, there is a symplectomorphism τV
called the Dehn twist about V [10] (the definition of τV requires certain choices, but the result
is well-defined in Autc(M,ω)/Ham(M,ω)). Algebraically, we can also define the notion of a
spherical object V in an A∞-categoryA and define a related functor TV : DA → DA. Seidel [11,
10] has proven that, given another Lagrangian L, τV L and TV L give rise to isomorphic objects
in DF(M,ω) (here we are slightly abusing notation by letting L denote both a submanifold of
M and an object of F(M,ω)).
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The existence of Dehn twists relies on the fact that the geodesic flow on the round sphere
is periodic, and there is a related construction that defines “twist” maps for any Lagrangian
submanifold admitting such a metric [9]. In particular, this paper will be concerned with the
projective twist φV associated to a Lagrangian V ∼= CPn.
In Section 3, we shall define the notion of a CPn-object in an A∞-category and in the case where
A is a triangulated A∞-category (see Section 2) we use V to define a functor ΦV : A → A. In
Section 4 we prove that ΦV induces an auto-equivalence of DA. This result is the first step
towards proving the following conjecture:
Conjecture 1.1. Given a Lagrangian V ∼= CPn and another Lagrangian L in F(M,ω), φV L
and ΦV L give rise to isomorphic objects in DF(M,ω).
We stress that a proof of this conjecture would likely require a substantial further analysis: for
the parallel argument required to bridge the gap in the spherical case, see [11]. We can however
verify this conjecture in the case of a CP1-twist by exploiting the relation
(1.2) τ2V = φV
in Autc(M,ω)/Ham(M,ω). Combining this with Seidel’s result on spherical twists means that
in this case we need only show that ΦV and T
2
V give isomorphic functors on DF(M,ω). This
is proven in Section 5, where we also show that there exist symplectic manifolds containing a
Lagrangian V with H∗(V ) ∼= H∗(CPn) where we can still define ΦV , but such that this functor
has no preimage under (1.1), so that ΦV has no geometric representative.
Related results to those of this paper of been obtained by Huybrechts and Thomas [8], who
introduce the notion of Pn-objects and Pn-twist functors for the derived categoryD(X) of some
smooth projective variety X . Our construction is modelled on theirs and our results should be
thought of as being “mirror” versions.
Returning to symplectic geometry, similar twist maps exist for Lagrangian RPns and HPns
since they are compact symmetric spaces of rank one and so admit metrics whose geodesic flow
is periodic [3]. The results of this paper can easily be reinterpreted in these contexts: we leave
it to the interested reader the make the necessary minor adjustments (although we do remark
that in the case of RPn one has to work in characteristic 2 to avoid sign issues). The key fact
is that RPn and HPn both have cohomology rings which are truncated polynomial algebras
(again only in characteristic 2 for RPn) - indeed, this is necessary for the geodesic flow to be
periodic by a theorem of Bott [4].
There is an interesting algebraic counterpart to this observation: the construction of [8] has been
extended by Grant to give a great many autoequivalences of derived categories [7]. He works
in the setting of the derived category Db(A) of modules over a finite dimensional symmetric
k-algebra A and proves that, given P a projective A-module whose endomorphism algebra
EndA(P )
op is periodic, then there is a related autoequivalence ΨP of D
b(A). This includes the
case when the endomorphism algebra is a truncated polynomial ring, but is more general. It
would be interesting to try to understand if there is any geometric motivation for the other
autoequivalences that Grant constructs.
Acknowledgements. I would like to thank my PhD supervisor Ivan Smith for suggesting
this project and for many helpful discussions. I would also like to thank Richard Thomas for
pointing out several errors in an earlier draft of this paper. During this research I was partially
supported by European Research Council grant ERC-2007-StG-205349.
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2. A∞-categories
Here we recall the basic background material on A∞-categories that we shall need. Sign con-
ventions differ throughout the literature, but all our signs and notation come from [11], to
which we direct the reader who finds the treatment in this section too brief.
2.1. Categories. Fix some coefficient field K. An A∞-category A consists of a set of objects
ObA as well as a finite-dimensional Z-graded K-vector space homA(X,Y ) for any pair of objects
X,Y , and composition maps (µdA)d≥1,
µdA : homA(Xd−1, Xd)⊗ · · · ⊗ homA(X0, X1)→ homA(X0, Xd)[2− d],
which satisfy the A∞-relations
(2.1)
∑
m,n
(−1)6nµd−m+1A (ad, . . . , an+m+1, µ
m
A(an+m, . . . , an+1), an, . . . , a1) = 0.
Here 6n = |a1|+ · · ·+ |an| − n and by [k] we mean a shift in grading down by k.
The opposite category of A, denoted Aopp, has the same objects as A and homAopp(X,Y ) =
homA(Y,X), but composition is reversed:
µdAopp(ad, . . . , a1) = (−1)
6dµdA(a1, . . . , ad).
The A∞-relations in particular mean that µ
1
A(µ
1
A(·)) = 0 so we can consider the cohomological
category H(A), which has the same objects as A and has morphism spaces homH(A)(X,Y ) =
H(homA(X,Y ), µ
1
A) with (associative) composition
[a2] · [a1] = (−1)
|a1|[µ2A(a2, a1)].
We call A cohomologically unital (c-unital for short) if H(A) has identity morphisms (so is a
category in the standard sense). Although this is perhaps not the most natural notion in the
context of A∞-categories, all categories considered in this paper will be assumed to be c-unital,
since Fukaya categories always carry cohomological units for geometric reasons.
There is another notion of unitality that is helpful to consider although Fukaya categories
in general do not satisfy it: we say A is strictly unital if, for each X , there is an element
eX ∈ hom
0(X,X) such that
• µ1(eX) = 0;
• (−1)|a|µ2(eX , a) = a = µ2(a, eX) for a ∈ hom(X0, X1);
• µd(ad−1, . . . , eX , . . . , a1) = 0 for all d ≥ 3.
This is useful because every c-unital A∞-category is quasi-equivalent to a strictly unital one
[11, Lemma 2.1].
2.2. Functors. An A∞-functor F : A → B consists of a map F : ObA → ObB and maps
Fd : homA(Xd−1, Xd)⊗ · · · ⊗ homA(X0, X1)→ homB(FX0,FXd)[1 − d]
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for all d ≥ 1, which are required to satisfy
(2.2)
∑
r
∑
s1+···+sr=d
µrB(F
sr (ad, . . . , ad−sr+1), . . . ,F
s1(as1 , . . . , a1))
=
∑
m,n
(−1)6nFd−m+1(ad, . . . , µ
m
A (an+m, . . . , an+1), an, . . . , a1).
F induces a functor HF : H(A) → H(B) by [a] 7→ [F1(a)]. We call a functor F between
c-unital categories c-unital if HF is unital. All functors in this paper will be assumed to be
c-unital. We say F is cohomologically full and faithful if HF is full and faithful, and we say F
is a quasi-equivalence if HF is an equivalence.
The set of A∞-functors F : A → B can itself be considered as the objects of an A∞-category
fun(A,B) (or more specifically nu − fun(A,B) for “non-unital functors” if we make no as-
sumptions about units). We shall only need this in the following specific context.
2.3. A∞-modules. We first note that any dg category can be considered as an A∞-category
with µd = 0 for d ≥ 3. In particular, for a given A∞-category A, we can consider A∞-
functors from Aopp to the category of chain complexes Ch over K. We call such functors
A∞-modules over A. Such functors can be thought of as the objects of a new A∞-category
Q = mod(A) = fun(Aopp, Ch).
An A∞-moduleM : A → Ch assigns a graded vector spaceM(X) to all X ∈ ObA and, in this
specific setting, we follow [11] in changing notation of (2.2) slightly so that we have maps
µdM : M(Xd−1)⊗ homA(Xd−2, Xd−1)⊗ · · · ⊗ homA(X0, X1)→M(X0)[2− d]
satisfying
(2.3)
∑
m,n
(−1)6nµn+1M (µ
d−n
M (b, ad−1, . . . , an+1), . . . , a1)
+
∑
m,n
(−1)6nµd−m+1M (b, ad−1, . . . , µ
m
A (an+m, . . . , an+1), an, . . . , a1) = 0.
The morphism space homrQ(M0,M1) in degree r is made up of so-called pre-module homomor-
phisms t = (td)d≥1 where
td : M0(Xd−1)⊗ homA(Xd−2, Xd−1)⊗ · · · ⊗ homA(X0, X1)→M1(X0)[r − d+ 1].
The composition maps in Q are(
µ1Qt
)d
(b, ad−1, . . . , a1) =(2.4) ∑
(−1)‡µn+1M1 (t
d−n(b, ad−1, . . . , an+1), an, . . . , a1)
+
∑
(−1)‡tn+1(µd−nM0 (b, ad−1, . . . , an+1), an, . . . , a1)
+
∑
(−1)‡td−m+1(b, ad−1, . . . , µ
m
A (an+m, . . . , an+1), . . . , a1);(
µ2Q(t2, t1)
)d
(b, ad−1, . . . , a1) =(2.5) ∑
(−1)‡tn+12 (t
d−n
1 (b, ad−1, . . . , an+1), an, . . . , a1);
and µdQ = 0 for d ≥ 3. Here ‡ = |an+1|+ · · ·+ |ad−1|+ |b| − d+ n+ 1. We stress that the fact
that higher composition maps vanish is not true for more general A∞-functor categories, but
rather reflects the dg nature of Ch.
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If µ1Qt = 0, we say that t is a A∞-module homomorphism. In this situation, we have a map
H(t) : H(M0(X))→ H(M1(X)) for all X , given by [b] 7→ [(−1)
|b|t1(b)], where here H(M(X))
is the cohomology of M(X) computed with respect to the differential ∂(b) = (−1)|b|µ1M(b).
Lemma 2.1. ([11, Lemma 1.16]) Suppose the A∞-module homomorphism t ∈ homQ(M0,M1)
is such that the induced maps H(t) : H(M0(X)) → H(M1(X)) are isomorphisms for all X.
Then, left composition with t induces a quasi-isomorphism homQ(M1,N ) → homQ(M0,N )
and a similar result holds for right composition.
Corollary 2.2. Under the above hypotheses, [t] is an isomorphism in H(Q).
Given Y ∈ A, there is an associated A∞-module Y ∈ Q where
Y(X) = homA(X,Y ), µ
d
Y = µ
d
A.
This forms part of an A∞-functor ℓ : A → Q called the Yoneda embedding. Given t ∈
homA(Y, Z), ℓ
1(t) ∈ homQ(Y,Z) is the morphism(
ℓ1(t)
)d
(b, ad−1, . . . , a1) = µ
d+1
A (t, b, ad−1, . . . , a1),
and the higher order parts of the functor ℓ are defined similarly. ℓ is cohomologically full and
faithful [11, Corollary 2.13].
2.4. Twisted complexes. Given A we can form a new category ΣA called the additive en-
largement of A whose objects are formal sums
X =
⊕
i∈I
Vi ⊗Xi,
where I is some finite set, the Vi are finite-dimensional graded vector spaces and Xi are objects
of A.
homΣA

⊕
i∈I
Vi ⊗Xi,
⊕
j∈J
Wj ⊗ Yj

 =⊕
i,j
homK(Vi,Wj)⊗ homA(Xi, Yj),
and we write morphisms a ∈ homΣA(X,Y ) as αji ⊗ xji where αji and xji are matrices of
morphisms in homK(Vi,Wj), homA(Xi, Yj) respectively. The composition maps are given by
µdΣA(ad, . . . , a1) =
∑
(−1)⊳αd · · ·α1 ⊗ µ
d
A(xd, . . . , x1)
where ⊳ =
∑
p<q |α
ip,ip−1
p | · (|x
iq ,iq−1
q | − 1). A clearly sits inside ΣA as a full A∞-subcategory
once an object X is mapped to K⊗X , with K given grading zero.
A twisted complex in A is an object X of ΣA, together with a differential δX ∈ hom
1
ΣA(X,X)
which satisfies the following conditions:
• δX is strictly lower-triangular with respect to some filtration on X . By “filtration”
here we mean a finite decreasing collection of subcomplexes F iX such that the induced
differential on F kX/F k+1X is zero [11, Section 3l];
•
∑
d µ
d
ΣA(δX , . . . , δX) = 0.
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Given this we can define new composition maps
µdTwA(ad, . . . , a1)
=
∑
i0,...,id
µd+i0+···+idΣA

δXd , . . . δXd︸ ︷︷ ︸
id
, ad, δXd−1 , . . . , δXd−1︸ ︷︷ ︸
id−1
, ad−1, . . . , a1, δX0 , . . . , δX0︸ ︷︷ ︸
i0

 .
The sum is taken over all ij ≥ 0, but the conditions on δX imply that this is a finite sum and
that moreover the A∞-relations (2.1) still hold. ΣA sits inside TwA as a full A∞-subcategory
given by those twisted complexes with zero differential.
We may relate TwA and Q using the diagram below. I is the obvious inclusion functor and
I∗ is the induced pullback. The reader may find the appropriate formulae in [11].
(2.6) A
ℓ //
I

Q
TwA
ℓ // mod(TwA).
I∗
OO
We shall denote the resulting map from TwA by Q by ℓ˜.
2.5. Tensor products and shifts. Working in the larger categories TwA and Q allows us
perform many familiar algebraic constructions not necessarily possible in A. As an example,
take a chain complex (Z, ∂) and anA∞-moduleM∈ Q and define a new A∞-module Z⊗M ∈ Q
by
(Z ⊗M)(X) = Z ⊗M(X),(2.7)
µ1Z⊗M(z ⊗ b) = (−1)
|b|−1∂(z)⊗ b+ z ⊗ µ1M(b),
µdZ⊗M(z ⊗ b, ad−1, . . . , a1) = z ⊗ µ
d
M(b, ad−1, . . . , a1) for d ≥ 2.
As a special case of this, consider Z = K, a one-dimensional chain complex concentrated in
degree −1 and with trivial differential. We shall denote Z ⊗M by SM and call it the shift of
M. Similarly we have SσM for any σ ∈ Z and we have a canonical isomorphism
homH(Q)(Y, S
σZ) = homH(Q)(Y,Z)[σ].
When A is strictly unital, we can do a similar thing with twisted complexes. Given (X, δX) ∈
TwA and a chain complex (Z, ∂), we can form the twisted complex(
Z ⊗X, id⊗δX + ∂˜ ⊗ eX
)
,
where ∂˜(z) = (−1)|z|−1∂(z). We can also do shifts here: SσY = K[σ]⊗ Y
Remark 2.3. ([11, Remark 3.2]) Given a chain complex (Z, ∂), we can form a new chain
complex given by H(Z) with trivial differential. By choosing a linear map that picks a chain
representative for each cohomology class, we can define a map H(Z) ⊗ M → Z ⊗ M and
Corollary 2.2 says that this will in fact induce an isomorphism in H(Q).
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2.6. Evaluation maps. Given V ∈ A and Y ∈ Q we have an evaluation morphism
ev : Y(V )⊗ V → Y,
evd(y ⊗ v, ad−1, . . . , a1) = µ
d+1
Y (y, v, ad−1, . . . , a1).(2.8)
In the strictly unital case, we can also define this for twisted complexes. In order to de-
fine ev : homTwA(V, Y )⊗ V → Y , we require that ev be an element of homTwA(V, Y )
∨ ⊗
homTwA(V, Y ). To do this, choose a homogeneous basis {bi} of homTwA(Y, V ) and let {βi} be
the dual basis. Now let ev =
∑
βi⊗ bi. It is easy to verify that the two maps correspond under
ℓ˜, so we shall feel justified in abusing notation and referring to both as ev since it will always
be clear in which setting we are working.
We can also define a dual evaluation map ev∨ : Y → homTwA(Y, V )∨ ⊗ V given by ev∨ =∑
γj ⊗ cj where again {cj} is a basis for homTwA(Y, V ) and {γi} is the dual basis.
2.7. Cones and triangles. Given t : M0 → M1 a degree zero module homomorphism, we
can form the mapping cone C = Cone(t) given by
C(X) =M0(X)[1]⊕M1(X),
µdC
((
b0
b1
)
, ad−1, . . . , a1
)
=
(
µdM0(b0, ad−1, . . . , a1)
µdM1(b1, ad−1, . . . , a1) + t
d(b0, ad−1, . . . , a1)
)
.(2.9)
The cone C comes with module homomorphisms ι and π which fit into the following diagram
in H(Q)
M0
[t] //M1
[ι]

C.
[π]
[1]
bb❊❊
❊❊
❊❊
❊❊
Any triangle in H(A) quasi-isomorphic to one of the above form under the Yoneda embedding
is called exact.
Likewise the cone of t : X → Y in TwA for a degree zero cocycle t is given by
Cone(t) =
(
SX ⊕ Y,
(
S(δX) 0
−S(t) δY
))
.
We call an A∞-category A triangulated if every morphism [t] fits into some exact triangle and
A is closed under all shifts, positive and negative.
Proposition 2.4. ([11, Proposition 3.14]) If A is a triangulated A∞-category, then H0(A)
is triangulated in the classical sense. Moreover, for F an A∞-functor between triangulated
A∞-categories, HF is an exact functor of triangulated categories.
For a given A, we can consider the triangulated A∞-subcategory Q˜ ⊂ Q generated by the
image of the Yoneda embedding. We call H0(Q˜) the derived category of A, which we denote
DA. Equivalently, we may define DA as H0(TwA).
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3. CPn-twists
In the interests of legibility, we introduce the shorthand ad−1 for ad−1, . . . , a1.
Huybrechts and Thomas [8], motivated by mirror symmetry, introduced the notion of a Pn-
object P in the derived category D(X) of a smooth projective variety X . They showed that
there are associated twists ΦP of D(X) which are in fact autoequivalences. We reinterpret their
construction in our setting.
Definition 3.1. A CPn-object is a pair (V, h) where V ∈ ObA and h ∈ hom2(V, V ) such that
• µ1Ah = 0;
• homH(A)(V, V ) ∼= K[h]/h
n+1 as a graded ring;
• There exists a map
∫
: hom2nH(A)(V, V )→ K such that, for any X, the resulting bilinear
map hom2n−k
H(A)(X,V )× hom
k
H(A)(V,X)→ hom
2n
H(A)(V, V )→ K is nondegenerate.
We shall often just refer to a CPn-object by V since, following Remark 2.3, the choice of h will
be irrelevant up to quasi-equivalence.
To define our twist, we imitate the construction in [8]. Take some CPn-object V and consider
the following diagram
(3.1) Y(V )[−2]⊗ V
H // Y(V )⊗ V
ι //
ev
%%❑❑
❑❑
❑❑
❑❑
❑❑
❑
HY
g

Y

ΦV Y
where here HY is Cone(H) and ΦV Y is Cone(g).
Here ev is the evaluation map (2.8) and we define the other maps by
H1(y ⊗ v) = (−1)|y|+|v|µ2Y(y, h)⊗ v + (−1)
|y|−1y ⊗ µ2V(h, v),
Hd(y ⊗ v, ad−1) = (−1)
|y|−1y ⊗ µd+1V (h, v, ad−1) for d ≥ 2.
and
gd
((
y1 ⊗ v1
y2 ⊗ v2
)
, ad−1
)
= µd+1Y (y2, v2, ad−1) + (−1)
|y1|−1µd+2Y (y1, h, v1, ad−1) .
Lemma 3.2. H and g are µ1Q-closed.
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Proof. This is a direct calculation. Using (2.4) and (2.7), we see that
(
µ1QH
)d
(y ⊗ v, ad−1) =
y ⊗


∑
n(−1)
‡n+|y|−1µn+1V (µ
d−n+1(h, v, ad−1, . . . , an+1), . . . , a1)
+
∑
n(−1)
‡n+|y|−1µn+2V (h, µ
d−n(v, ad−1, . . . , an+1), . . . , a1)
+
∑
m,n(−1)
‡n+|y|−1µd−m+2V (h, v, ad−1, . . . , µ
m
A (an+m, . . . , an+1), . . . , a1)


+
(
(−1)‡0+|y|−1+|µ
d+1(h,v,ad−1)|−1 + (−1)‡d−1+|v|−1+|y|−2
)
µ1Y(y)⊗ µ
d+1
V (h, v, ad−1)
+
(
(−1)‡d−1+|y|+|v| + (−1)‡0+|y|+|µ
d(v,ad−1)|
)
µ2Y(y, h)⊗ µ
d
V(v, ad−1).
The terms involving µ1Y(y) and µ
2
Y(y, h) cancel, and inside the big bracket, we find precisely
the terms from the A∞-relation (2.1) except for the term involving µ
d
V(µ
1
A(h), v, ad−1). But,
by assumption, µ1A(h) = 0 so this term vanishes.
The proof for g is similar:
(
µ1Qg
)d(( y1 ⊗ v1
y2 ⊗ v2
)
, ad−1
)
=∑
n
(−1)‡n+|y1|−1µn+1Y (µ
d−n+2
Y (y1, h, v1, ad−1, . . . , an+1), . . . , a1)
+
∑
n
(−1)‡n+|y1|−1µn+3Y (y1, h, µ
d−n
V (v1, ad−1, . . . , an+1), . . . , a1)
+ (−1)‡d−1+|µ
1(y1)|−1+|v1|−1µd+2Y (µ
1
Y(y1), h, v1, ad−1, . . . , a1)
+
∑
m,n
(−1)‡n+|y1|−1µd−m+3Y (y1, h, v1, ad−1, . . . , µ
m
A (an+m, . . . , an+1), . . . , a1)
+
∑
n
(−1)‡nµn+1Y (µ
d−n+1
Y (y2, v2, ad−1, . . . , an+1), . . . , a1)
+
∑
n
(−1)‡nµn+2Y (y2, µ
d−n
V (v2, ad−1, . . . , an+1), . . . , a1)
+ (−1)‡d−1+|v2|−1µd+1Y (µ
1
Y(y2), v2, ad−1, . . . , a1)
+
∑
m,n
(−1)‡nµd−m+2Y (y2, v2, ad−1, . . . , µ
m
A (an+m, . . . , an+1), . . . , a1)
+
∑
(−1)‡n+|y1|−1µn+2Y (y1, µ
d−n+1
V (h, v1, ad−1, . . . , an+1), . . . , a1)
+ (−1)‡d−1+|y1|+|v1|µd+1Y (µ
2
Y(y1, h), v1, ad−1, . . . , a1).
Here the final two lines come from the presence of H in the µd maps in Cone(H) as in (2.9).
Again we find all the terms from (2.3) except for those involving µ1A(h), so the above sum
vanishes.

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Concretely, ΦV Y = (Y(V )⊗ V)⊕ (Y(V )[1]⊗ V)⊕ Y and
µ1ΦV Y


y1 ⊗ v1
y2 ⊗ v2
y3

 =


(−1)|v1|−1µ1Y(y1)⊗ v1 + y1 ⊗ µ
1
V(v1)
(−1)|v2|−1µ1Y(y2)⊗ v2 + (−1)
|y1|+|v1|µ2Y(y1, h)⊗ v1
+y2 ⊗ µ1V(v2) + (−1)
|y1|−1y1 ⊗ µ2V(h, v1)
µ1Y(y3) + µ
2
Y(y2, v2) + (−1)
|y1|−1µ3Y(y1, h, v1)


and, for d ≥ 2,
µdΦV Y



 y1 ⊗ v1y2 ⊗ v2
y3

 , ad−1


=

 y1 ⊗ µdV(v1, ad−1)y2 ⊗ µdV(v2, ad−1) + (−1)|y1|−1y1 ⊗ µd+1V (h, v1, ad−1)
µdY(y3, ad−1) + µ
d+1
Y (y2, v2, ad−1) + (−1)
|y1|−1µd+2Y (y1, h, v1, ad−1)

 .
3.1. CPn-twist functor. We want to upgrade ΦV to a functor ΦV : Q → Q and so, having
described the effect of ΦV on objects, we must describe how it acts on morphisms.
Firstly we set ΦdV = 0 for d ≥ 2, so that ΦV is in fact a dg functor and, given t ∈ homQ(Y,Z),
tˆ = ΦV (t) has first order part
tˆ1

 y1 ⊗ v1y2 ⊗ v2
y3

 =

 (−1)|v1|+|t|t1(y1)⊗ v1(−1)|v2|−1t1(y2)⊗ v2 + (−1)|y1|+|v1|t2(y1, h)⊗ v1
t1(y3) + t
2(y2, v2) + (−1)|y1|−1t3(y1, h, v1)


and, for d ≥ 2,
tˆd



 y1 ⊗ v1y2 ⊗ v2
y3

 , ad−1


=

 00
td(y3, ad−1) + t
d+1(y2, v2, ad−1) + (−1)|y1|−1td+2(y1, h, v1, ad−1)

 .
Lemma 3.3. ΦV is an A∞-functor.
Proof. The condition we need to verify is (2.2), which here reduces to the two conditions
µ1Q(Φ
1
V (t1)) = Φ
1
V (µ
1
Q(t1)),
µ2Q(Φ
1
V (t2),Φ
1
V (t1)) = Φ
1
V (µ
2
Q(t2, t1)),
since µdQ = 0 for d ≥ 3. Both are straightforward calculations. 
Proposition 3.4. ΦV V ∼= S
−2nV. Also, if homH(A)(V, Y ) = 0, then ΦV Y ∼= Y .
We first recall a basic algebraic lemma that we shall need.
Lemma 3.5. If f : V → W is a map of chain complexes such that f is surjective and ker f is
acyclic, then f is a quasi-isomorphism.
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Proof of Proposition 3.4. Following Remark 2.3, we may replace the homA(V, Y ) terms in ΦV Y
with homH(A)(V, Y ). This vector space has a basis given by eV , h, . . . , h
n so that we replace
ΦV V with the quasi-isomorphic
n⊕
i=0
hi[−2i]V ⊕
n⊕
i=0
hi[−2i+ 1]V ⊕ V .
There is a module homomorphism π1 that to first-order is a projection annihilating the sum-
mands eV [1]V ⊕ V and has higher-order terms zero. We want to apply Corollary 2.2 to π1, so
let ∂(b) = (−1)|b|µ1ΦV Y(b). Now, if an element (0, eV ⊗ v2, v3) of the kernel of π1 is ∂-closed,
then ∂(0,−eV ⊗ v3, 0) = (0, eV ⊗ v2, v3), so by Lemma 3.5, π1 is a quasi-isomorphism.
This means ΦV V is quasi-isomorphic to the image of π1,
n⊕
i=0
hi[−2i]V ⊕
n⊕
i=1
hi[−2i+ 1]V .
We can project once more so as to kill the summands eV V⊕h[−1]V . A similar argument shows
that this is a quasi-isomorphism. By repeating this process, removing pairs of summands by a
series of projection quasi-isomorphisms, we can remove everything except hn[−2n]V .
The second fact is trivial from the definition of ΦV . 
Remark 3.6. These results coincide with what one finds geometrically: namely that φV acts
on itself by a shift in grading by 2n [9], and if W and V are disjoint Lagrangians, then we can
arrange that φV is supported in a region disjoint from W so that φV has no effect on W .
4. ΦV is a quasi-equivalence
In the case where A itself is a triangulated A∞-category, the discussion in [11, Section 3d]
shows that we can define an A∞-functor, which we shall also denote ΦV , on A itself in such a
way that
(4.1) A
ℓ //
ΦV

Q
ΦV

A
ℓ // Q
commutes (up to isomorphism in H0(fun(A,Q))). In this section we shall prove
Theorem 4.1. If V is a CPn-object in a cohomologically finite A∞-triangulated category A,
then ΦV : A → A is a quasi-equivalence.
To prove this, it will be useful to have an explicit formula for ΦV on the level of twisted
complexes. In order to do this, we have to assume that A is strictly unital. The more general
c-unital case later will be discussed later. The diagram (4.1) can now be augmented to the
following:
(4.2) A //
ΦV

TwA
ΦV

ℓ˜ // Q
ΦV

A // TwA
ℓ˜ // Q.
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We shall define an A∞-functor ΦV on TwA such that the righthand square precisely commutes.
Then, in the case where A is triangulated, the inclusion into TwA is a quasi-equivalence so can
be inverted [11, Theorem 2.9], which allows us to pullback ΦV to A.
In order to imitate the construction of Section 3 we need to define a map H : homTwA(V, Y )⊗
V → homTwA(V, Y ) ⊗ V . This means H must be an element of EndK(homTwA(V, Y )) ⊗
homTwA(V, V ). Let h¯ ∈ EndK(homTwA(V, Y )) be the linear map a 7→ µ2(a, h), and define
H = h¯⊗ eV − id⊗h.
With this we can consider the diagram
(4.3) homTwA(V, Y )[−2]⊗ V
H // homTwA(V, Y )⊗ V
ι //
ev
((PP
PP
PP
PP
PP
PP
PP
HY
g

Y

ΦV Y.
As in (3.1), HY = Cone(H) and ΦV Y = Cone(g), where now g is now given by ev on the
second summand of HY and zero on the first summand. It is straightforward to verify that the
above diagram becomes (3.1) under ℓ˜. We have now defined a twisted complex
(4.4) ΦV Y =


homTwA(V, Y )⊗ V
⊕ homTwA(V, Y )[1]⊗ V
⊕ Y
,

δhomTwA(V,Y )⊗V 0 0−S2(H) −δhomTwA(V,Y )⊗V 0
0 −S(ev) δY



 .
Also, given t ∈ homTwA(Y, Z), we get ΦV t ∈ homTwA(ΦV Y,ΦV Z) given with respect to the
above splittings by 
(−1)|t|t¯⊗ eV 0 0△t⊗ eV t¯⊗ eV 0
0 0 t

 ,
where t¯ : homTwA(V, Y ) → homTwA(V, Z) is given by a 7→ (−1)|a|µ2(t, a) and
△
t denotes the
map a 7→ µ3(t, a, h). This now defines an A∞-functor ΦV on TwA which has only first-order
terms (it is a dg functor). We leave it to the reader to check that the righthand square in (4.2)
commutes.
4.1. Adjoints. One of the benefits of making the assumption of strict unitality and working
with twisted complexes is that is easy now to identify an adjoint twist functor to ΦV . We recall
that, given a pair of functors F : D → C and G : C → D, we say that F is left adjoint to G
(and G is right adjoint to F ) if there are isomorphisms homC(FY,X) ∼= homD(Y,GX) which
are natural in X and Y .
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Consider the following diagram
S−1Y
ev∨uu❦❦❦❦
❦❦
❦❦
❦❦
❦❦
❦❦
❦❦
g∨

homTwA(Y, V )[1]
∨ ⊗ V
H∨ // homTwA(Y, V )[−1]∨ ⊗ V
ι // Cone(H∨)

Cone(g∨)
(4.5)
Define h∨ : homTwA(Y, V )[−2]∨ → homTwA(Y, V )∨ by h∨(η)(a) = η(µ2(h, y)). Now let H∨ =
h∨ ⊗ eV − id⊗h and g∨ = (0, ev∨). We define H∨Y = Cone(H
∨) and Φ∨V Y = Cone(g
∨). Φ∨V Y
is given by the twisted complex

Y
⊕ homTwA(Y, V )[2]
∨ ⊗ V
⊕ homTwA(Y, V )[−1]
∨ ⊗ V
,

 δY 0 00 δhomTwA(V,Y )∨⊗V 0
ev∨ H∨ δhomTwA(V,Y )∨⊗V



 .
Given t ∈ homTwA(Y, Z), we similarly get Φ∨V t ∈ homTwA(Φ
∨
V Y,Φ
∨
V Z), so that Φ
∨
V is a (dg)
functor on TwA.
Proposition 4.2. HΦ∨V is both left and right adjoint to HΦV .
Proof. We first prove thatHΦ∨V is left adjoint toHΦV . We want to show there are isomorphisms
homDA(Φ
∨
V Y, Z)
∼= homDA(Y,ΦV Z)
that are natural inDA. By applying the exact functors homDA(−, Z) to (4.5) and homDA(Y,−)
to (4.3), we get long exact sequences, natural in DA,
homDA(H∨Y , Z)
//

homDA(homDA(Y, V )[−1]∨ ⊗ V, Z)
tt❥❥❥❥
❥❥❥
❥❥❥
❥❥❥
❥❥❥

homDA(homDA(Y, V )[1]
∨ ⊗ V, Z)
[1]
gg❖❖❖❖❖❖❖❖❖❖❖

homDA(Y, SHZ) // homDA(Y, homDA(V, Z)[−1]⊗ V )
tt❥❥❥❥
❥❥❥
❥❥❥
❥❥❥
❥❥❥
homDA(Y, homDA(V, Z)[1]⊗ V )
[1]
gg❖❖❖❖❖❖❖❖❖❖❖
Here the vertical isomorphisms come from the natural identities
homDA(homDA(Y, V )
∨ ⊗ V, Z) = homDA(Y, V )
∨∨ ⊗ homDA(V, Z)
= homDA(Y, V )⊗ homDA(V, Z)
= homDA(Y, homDA(V, Z)⊗ V )
so that homDA(H∨Y , Z)
∼= homDA(Y,HZ) naturally (note that this requires that A be cohomo-
logically finite). This proves in particular that the functor assigning Y to H∨Y is left adjoint to
the functor sending Y to HY (these functors are defined by the obvious restriction of the above
construction).
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Similarly we have
homDA(Φ
∨
V Y, Z)
//

homDA(H∨Y , Z)
yysss
ss
ss
ss

homDA(S
−1Y, Z)
[1]
ee❑❑❑❑❑❑❑❑❑

homDA(Y,ΦV Z) // homDA(Y, SHZ)
yysss
ss
ss
ss
s
homDA(Y, SZ)
[1]
ee❑❑❑❑❑❑❑❑❑❑
and therefore
homDA(Φ
∨
V Y, Z)
∼= homDA(Y,ΦV Z)
naturally. Proving right adjointness is similar. 
With the existence of adjoints proven, the rest of the proof of Theorem 4.1 is an exercise in the
abstract machinery of triangulated categories.
4.2. Spanning classes. A nontrivial collection Ω of objects in a triangulated category D is
called a spanning class if, for all B ∈ D, we have
• If homD(A,B[i]) = 0 for all A ∈ Ω and all i ∈ Z, then B ≃ 0.
• If homD(B[i], A) = 0 for all A ∈ Ω and all i ∈ Z, then B ≃ 0.
Given an object A ∈ D, we denote by A⊥ = {B : hom∗D(A,B) = 0} and can define
⊥A similarly.
Lemma 4.3. For a CPn-object V ∈ A, {V } ∪ V ⊥ is a spanning class in DA.
Proof. Suppose we have B such that homDA(A,B[i]) = 0 for all A ∈ Ω and all i ∈ Z. Then
putting A = V shows that B ∈ V ⊥. Therefore, in particular, homDA(B,B[i]) = 0 for all i so
that B ≃ 0. For the other condition, note that, by the definition of CPn-object, homDA(V,A) =
0, if and only if homDA(A, V ) = 0. 
4.3. Equivalence. We now appeal to the following theorem of Bridgeland [5, Theorem 2.3]
Theorem 4.4. Let F : C → D be an exact functor between K-linear triangulated categories
such that F has a left and a right adjoint. Then F is fully faithful if and only if there exists
some spanning class Ω ⊂ C such that, for all objects K,L ∈ Ω and all i ∈ Z the natural
homomorphism
F : homC(K,L[i])→ homD(F (K), F (L[i]))
is an isomorphism
For the spanning class from Lemma 4.3, this condition follows immediately from Proposition
3.4, so ΦV is cohomologically full and faithful.
To show that it is an quasi-equivalence, let B ⊂ TwA be the full A∞-subcategory of objects
isomorphic to ΦV Y for some Y . Since ΦV maps exact triangles in H(TwA) to exact triangles
in H(TwA), B is actually a triangulated A∞-category. On the other hand, from Proposition
PROJECTIVE TWISTS IN A∞-CATEGORIES 15
3.4, V ∈ B and so (4.3) shows that B generates TwA. This means that the inclusion B → TwA
must be a quasi-equivalence, which implies that ΦV is also a quasi-equivalence.
So far we have only dealt with the case when A is strictly unital. In the c-unital case, the
standard trick [11, Section 2] is to pass to a quasi-equivalent A∞-category A˜ which is strictly
unital and such that
DA
HΦV //
∼=

DA
∼=

DA˜
HΦ˜V // DA˜
commutes (up to isomorphism). Then we can apply our result from the strictly unital case to
complete the proof of Theorem 4.1.
5. Some geometric consequences
5.1. The connection with spherical objects. As we mentioned in the Introduction, it would
require a more substantial analysis to verify that ΦV does in fact represent the categorical
version of φV . However, in the lowest dimension when V ∼= CP1, this can be done by using
Seidel’s result resulting geometric Dehn twists and algebraic spherical twists [11], and the
relationship (1.2).
We shall first recall the basic facts about spherical objects and spherical twists [11, Section 5].
Definition 5.1. An object V ∈ A is called spherical of dimension n if
• homH(A)(V, V ) ∼= K[t]/t
2.
• There exists a map
∫
: homnH(A)(V, V )→ K such that, for all X, the resulting bilinear
map homn−k
H(A)(X,V )× hom
k
H(A)(V,X)→ hom
n
H(A)(V, V )→ K is nondegenerate.
Definition 5.2. Given an object V , the twist map TV is defined by TV Y = Cone(ev).
This forms part of a functor TV : Q → Q where, given t ∈ homQ(Y,Z), t˜ = TV (t) has first
order part
t˜1
(
y1 ⊗ v
y2
)
=
(
(−1)|v|−1t1(y1)⊗ v
t1(y2) + t
2(y1, v)
)
and
t˜d
((
y1 ⊗ v
y2
)
, ad−1
)
=
(
0
td(y2, ad−1) + t
d+1(y1, v, ad−1)
)
.
If A is triangulated, we may define the functor TV on A and Seidel proves the following lemma:
Lemma 5.3. ([11, Lemma 5.11]) Given a spherical object V in a c-finite triangulated A∞-
category A, the spherical twist TV is a quasi-equivalence of A.
Theorem 5.4. When V is a CP1-object (so is also a spherical object of dimension 2), T 2V and
ΦV give rise to isomorphic functors on DA.
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Proof. TV (TV Y) = (Y(V )⊗ V(V )[2]⊗ V)⊕ (Y(V )[1]⊗ V)⊕ (Y(V )[1]⊗ V)⊕ Y with
µ1T 2
V
Y


y1 ⊗ q ⊗ v1
y2 ⊗ v2
y3 ⊗ v3
y4


=


(−1)|v1|+|q|µ1(y1)⊗ q ⊗ v1 + (−1)|v1|−1y1 ⊗ µ1(q)⊗ v1 + y1 ⊗ q ⊗ µ1(v1)
(−1)|v2|−1µ1(y2)⊗ v2 + y2 ⊗ µ1(v2) + (−1)|v1|−1µ2(y1, q)⊗ v1
(−1)|v3|−1µ1(y3)⊗ v3 + y3 ⊗ µ1(v3) + y1 ⊗ µ2(q, v1)
µ1(y4) + µ
2(y2, v2) + µ
2(y3, v3) + µ
3(y1, q, v1)


and
µdT 2
V
Y




y1 ⊗ q ⊗ v1
y2 ⊗ v2
y3 ⊗ v3
y4

 , ad−1


=


y1 ⊗ q ⊗ µ
d(v1, ad−1)
y2 ⊗ µd(v2, ad−1)
y3 ⊗ µd(v3, ad−1) + y1 ⊗ µd+1(q, v1, ad−1)
µd(y4, ad−1) + µ
d+1(y2, v2, ad−1) + µ
d+1(y3, v3, ad−1) + µ
d+2(y1, q, v1, ad−1)


for d ≥ 2.
Without loss of generality we may assume that V(V ) is two-dimensional with basis {eV , h} so
that we may write Y(V ) ⊗ V(V )[2] as a direct sum e[2]Y(V ) ⊕ hY(V ) and denote by πh the
projection onto the second summand (without any correcting sign factor).
For all Y, we now define maps αY : T 2V Y → ΦV Y by
α1Y


y1 ⊗ q ⊗ v1
y2 ⊗ v2
y3 ⊗ v3
y4

 =

 (−1)|v1|πh(y1 ⊗ q)⊗ v1(−1)|y2|+|v2|y2 ⊗ v2 + (−1)|y3|+|v3|y3 ⊗ v3
(−1)|y4|−1y4

 ,
and, given t ∈ homQ(Y,Z), we now have the diagram
T 2V Y
˜˜t //
αY

T 2V Z
αZ

ΦV Y
tˆ // ΦV Z,
and the following are easily checked:
• µ1Q (αY) = 0 for all Y;
• By a similar argument to the proof of Proposition 3.4, αY is a quasi-isomorphism for
all Y;
• (−1)|
˜˜t|µ2Q
(
αZ ,
˜˜t
)
= (−1)|αY |µ2Q
(
tˆ, αY
)
.
This suffices to prove that there is a natural isomorphism between the two functors in DA. 
Corollary 5.5. In light of (1.2), Conjecture 1.1 holds in the case of a CP1-object.
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5.2. Non-surjectivity of (1.1). Suppose we have a symplectic manifold (M,ω) and a La-
grangian V ⊂ M which satisfies the classical ring isomorphism HF ∗(V, V ) ∼= H∗(V ). Then if
V has the same cohomology ring as CPn we can form the projective twist ΦV of DF(M) even
if V is not itself diffeomorphic to CPn. However, in this case we would not expect to find a
geometric representative of ΦV as we do not expect to find a metric on V with periodic geodesic
flow. We shall prove that there are indeed situations as above where no such geometric twist
exists. The argument in this section is very similar to that in [2, Proposition 2.17] and we refer
the reader there for a more precise discussion of the technical issues underpinning the definition
of the Fukaya category in this situation.
Take some manifold V such that H∗(V ) ∼= k[h]/hn+1 as a ring but such that π1(V ) is nontrivial
(for example we could take the connect sum of CPn and some homology sphere Σ2n). Consider
the disc cotangent bundle D∗V and add a Weinstein handle [12] to cap off the Legendrian S2n−1
bounding some cotangent fibre. The result is an exact symplectic manifoldM = D∗V#D∗S2n,
which contains Lagrangians Y ∼= S2n and V , and results of [2] say that (for some suitable
definition of the Fukaya category) F(M) is generated (not merely split-generated) by these two
Lagrangians. Moreover, here we have the identity HF ∗(V, V ) ∼= H∗(V ).
Proposition 5.6. In this situation there is no geometric representative φV of ΦV .
We first fix the coefficient field K we shall use to define our Fukaya category: let ι : V˜ → V
denote the universal cover and fix some K such that char(K) divides the index of ι (so that
char(K) is arbitrary when the index is infinite). Now suppose that such a geometric morphism
φV exists. Then there will be a Lagrangian submanifold L = φV (Y ) which is represented by
the twisted complex
(5.1) V
h // V [1]
x // Y,
where the arrows denote the terms in the differential as in (4.4) (if necessary we pass to a
quasi-equivalent, strictly unital F˜(M) so that we may work with twisted complexes as in
Section 4). Here we observe that HF ∗(V, Y ) = K generated by their one point of intersection
x. The objects of F(M) are all closed Lagrangians, but F(M) embeds as a full category of
some wrapped Fukaya category W(M), which includes nonclosed Lagrangians such as cotangent
fibres. Let π : M˜ → M be the cover induced by ι : V˜ → V . Results of [1, Section 6] now say
that there exists a pullback Fukaya category W(M˜ ;π) with the following properties:
Theorem 5.7. There is a wrapped Fukaya category W(M˜ ;π) which comes with a pullback
functor
π∗ : W(M)→W(M˜ ;π)
which acts on objects L of W(M) by taking the total inverse image π−1(L) ⊂ M˜ and such that
the map on morphisms
HF ∗(L,L)→ HF ∗(π−1(L), π−1(L))
agrees with the classical pullback on cohomology whenever L ⊂ M is closed. Moreover, deck
transformations of π act by autoequivalences of W(M˜ ;π).
So when we pullback the twisted complex (5.1) under π, we get a new twisted complex in
W(M˜ ;π):
V˜
0 // V˜ [1] // π−1(Y ),
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where the first differential is zero by our choice of K. This means that, up to shifts, we get the
splitting
(5.2) π−1(L) ∼= V˜ ⊕
(
V˜ [1]→ π−1(Y )
)
.
Also, π−1(L) =
∐
α L˜α where all the components are related in W(M˜ ;π) by deck transfor-
mations of π. By looking at the rank of HW 0(V˜ , V˜ ) = HF 0(V˜ , V˜ ) = K we see that V˜ is an
indecomposable object of the category, as is each L˜α.
We now work in DπW(M˜ ;π), the idempotent completion of DW(M˜ ;π) [11, Chapter 4], where
we can appeal to the following lemma.
Lemma 5.8. If X = ⊕Xi is a direct sum of indecomposable objects in DπW(M˜ ;π) and Y is
a indecomposable summand of X, then Y must be isomorphic to one of the Xi.
Proof. By considering inclusion and projection morphisms, we see that the composition X →
Y → X is idempotent. This splits as a direct sum of idempotents Xi → Y → Xi. When one
of these is nonzero it means that, either the composition is the identity or that, having taken
idempotent completion, Xi admits a nontrivial summand. In the first instance, Y → Xi → Y
is then idempotent, so again the composition is either the identity or Y admits a nontrivial
decomposition. As Xi and Y are assumed indecomposable, we conclude that Xi and Y must
be isomorphic. 
Therefore, in order to show that the twisted complex in the right-hand side of (5.2) cannot
arise as the pullback of a geometric Lagrangian and that therefore φV cannot exist, it suffices
to prove
Lemma 5.9. V˜ [1] → π−1(Y ) is not quasi-isomorphic in W(M˜ ;π) to a direct sum of objects
obtained from V˜ by deck transformations.
Proof. Pick a cotangent fibre to one of the components of π−1(Y ) and consider its Floer coho-
mology with these two twisted complexes. In the case of V˜ the rank will be zero; in the case of
V˜ [1]→ π−1(Y ) the rank will be 1. 
Remark 5.10. This argument requires that we may freely choose our coeffiecient field for
F(M). To do this one usually restricts attention to spin Lagrangians so that we can orient
the moduli spaces of holomorphic curves used to define our A∞-maps. However, following [6],
it is enough that our Lagrangians be relatively spin, meaning that there is some class st ∈
H∗(M,Z/2) such that st|L = w2(L), which clearly holds here. Therefore the above argument
will still work in the case where n is even.
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